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FRPSOLFDWHG QRQOLQHDU SUREOHPV LQ RSWLPL]DWLRQ WKDW LQYROYH
VLPXOWDQHRXVO\ PLQLPL]LQJ RU PD[LPL]LQJ YDULRXV QRQ
FRPPHQVXUDWH TXDQWLWLHV )RU H[DPSOH D EDVLF WDVN LQ GHVLJQ
HQJLQHHULQJ RU WHFKQRORJ\ PDQDJHPHQW LV WR EDODQFH VXLWDEOH
PHDVXUHV RI SHUIRUPDQFH DJDLQVW WKH FRVW :H SUHVHQW D
VLPSOLILHG DSSURDFK IRU SHUIRUPLQJ PXOWLSOH REMHFWLYH
RSWLPL]DWLRQ E\ FRPELQLQJ VWDQGDUG VLQJOH REMHFWLYH (YROXWLRQ
6WUDWHJLHVZLWK'DWD(QYHORSPHQW$QDO\VLV7KLV ODWWHUPHWKRG
HPSOR\V OLQHDU SURJUDPPLQJ WR FRPSXWH DQ / GLVWDQFH RI D
JLYHQVROXWLRQ IURPWKH3DUHWR IURQWLHUGHILQHGE\ WKHHYROYLQJ
SRSXODWLRQ RI VROXWLRQV RU IURP D UHODWHG IURQWLHU GHILQHG E\
'($ 7KLV TXDQWLW\ LV WKHQ XVHG LQ D ILWQHVV IXQFWLRQ 5HDO
YDULDEOHOLQHDUSURJUDPVPXVWEHVROYHGIRUWKHRSWLPL]DWLRQRI
FRQYH[ SUREOHPV ZKLOH WKH VROXWLRQ RI PL[HG LQWHJHU OLQHDU
SURJUDPVLVUHTXLUHGWRRSWLPL]HJHQHUDOQRQFRQYH[SUREOHPV
7KLV K\EULG PHWKRG \LHOGV KLJKO\ FRQYHUJHG UHVXOWV ZLWK JRRG
FRYHUDJHRI WKH3DUHWR IURQWLHUZKHQDSSOLHGWRDVWDQGDUGL]HG
VXLWH RI PXOWLSOH REMHFWLYH SUREOHPV 6HYHUDO FXUUHQW
DSSOLFDWLRQV ZLOO EH GLVFXVVHG WKDW HPSOR\ D PDVVLYHO\ SDUDOOHO
SURJUDP 02(6 ZULWWHQ LQ & DQG 03, WKDW UXQV RQ





2IWHQ LQ VFLHQFH DQG HQJLQHHULQJ ZH DUH IDFHG ZLWK
FRPSOLFDWHGQRQOLQHDUSUREOHPV LQRSWLPL]DWLRQ WKDW LQYROYH
VLPXOWDQHRXVO\ PLQLPL]LQJ RU PD[LPL]LQJ YDULRXV QRQ
FRPPHQVXUDWHTXDQWLWLHV)RUH[DPSOHLQGHVLJQHQJLQHHULQJ
RQHW\SLFDOO\VHHNVWRPLQLPL]HWKHFRVWEXWPD[LPL]HVHYHUDO
PHDVXUHV RI SHUIRUPDQFH LQ DLUFUDIW GHVLJQ WKHVH FRXOG
LQFOXGH WKHPD[LPXPVSHHG UDQJH DOWLWXGHDQGSD\ORDGDV
ZHOO DV WKH UDWHV RI FOLPE WXUQ DQG UROO ,Q SUDFWLFH RQH LV
JLYHQ D VHW RI SK\VLFDO SDUDPHWHUV WKDW FKDUDFWHUL]H HDFK
FRPSHWLQJ GHVLJQ ± HJ WKH WRWDO ZHLJKW WKH WKUXVW RI WKH
HQJLQH WKH OHQJWK DQG WKLFNQHVV RI WKH IXVHODJH DQG WKH
GLKHGUDO DQG VZHHSEDFN DQJOHV RI WKH ZLQJV HWF 7KHQ RQH
VROYHV D VHULHV RI FRPSOLFDWHG QRQOLQHDU SUREOHPV WR
GHWHUPLQHHDFKobjective ±LHWKHFRVWDQGWKHSHUIRUPDQFH
PHDVXUHV 7KLV SURFHVV LV UHSHDWHG IRU HDFK FRPSHWLQJ




KRZ GR ZH XVH WKHVH FRPSDULVRQV WR DOWHU WKH SK\VLFDO
SDUDPHWHUVRIWKHGHVLJQVDQGREWDLQEHWWHUVROXWLRQV"
2QH VWDQGDUG DSSURDFK ZRXOG EH WR GHYHORS VRPH




WKHGHVLUHGPD[LPXPDOWLWXGH HWF$QXPHULFDO VFRUH FRXOG




WKHQ EH XVHG WR DGMXVW WKH SK\VLFDO SDUDPHWHUV RI WKH
FRPSHWLQJ GHVLJQV LQ RUGHU WR HYROYH WKH ³EHVW´ VROXWLRQ DV
MXGJHG E\ WKLV VLQJOH REMHFWLYH +RZHYHU WKH HIIHFWV RI
LPSRVLQJ VXFK DUELWUDU\ FRQVWUDLQWV RQ WKH GHVLJQ SURFHVV
WKURXJK WKH LQWURGXFWLRQ RI DUELWUDU\ ZHLJKWV WR FRPSRVH D
VLQJOHREMHFWLYH±DQG LQSDUWLFXODU WKH OLPLWDWLRQV WKLVPD\
LPSRVHRQWKHILQDOGHVLJQLWVHOI±DUHLQJHQHUDOXQNQRZQ
$Q DOWHUQDWLYH LV WR XVH D multiple objective DSSURDFK LQ
ZKLFK WKHGHYLDWLRQVRIDOO WKHQRQFRPPHQVXUDWHTXDQWLWLHV
IURP WKHLU GHVLUHG JRDOV DUH PLQLPL]HG RU LQ ZKLFK HDFK
DWWULEXWH RI D GHVLJQ LV PLQLPL]HG FRVW RU PD[LPL]HG
SHUIRUPDQFH ZLWKRXW D VSHFLILF JRDO 7KH GLIILFXOW\ QRZ
EHFRPHV KRZ WR EDODQFH WKH YDOXHV RI HDFK REMHFWLYH RI D
JLYHQ GHVLJQ ZLWK WKH FRUUHVSRQGLQJ REMHFWLYHV RI WKH
FRPSHWLQJ GHVLJQV ZKHQ WU\LQJ WR LGHQWLI\ DQ RSWLPDO
VROXWLRQDQG WKHQPDQLSXODWH WKHSK\VLFDOSDUDPHWHUVRI WKH
GHVLJQVWRREWDLQDEHWWHUVROXWLRQ7KHUHDUHPDQ\SURSRVHG
PHWKRGVIRUPXOWLSOHREMHFWLYHRSWLPL]DWLRQ>@>@>@>@
EXW WKH\DUHQRWDVZHOOGHYHORSHGDVDUH WKHDOJRULWKPV IRU
VLQJOHREMHFWLYHRSWLPL]DWLRQ
$ UHVROXWLRQ RI WKLV GLIILFXOW\ LV SURYLGHG E\ 'DWD
(QYHORSPHQW $QDO\VLV '($ >@>@ 7KLV LV D VSHFLDOL]HG
DSSOLFDWLRQ RI OLQHDU SURJUDPPLQJ >@ WKDW FDQ EH XVHG WR
DVVLJQDQXQDPELJXRXVQXPHULFDOVFRUHWKH'($efficiency
WR HDFK FDQGLGDWH VROXWLRQ WR D PXOWLSOH REMHFWLYH




SRZHUIXO DQG IOH[LEOH HYROXWLRQDU\ DOJRULWKP IRU SDUDPHWULF
RSWLPL]DWLRQ (YROXWLRQ 6WUDWHJLHV (6 >@ 7KH UHVXOWLQJ
PXOWLSOH REMHFWLYH RSWLPL]DWLRQ PHWKRG \LHOGV VLJQLILFDQW
DOJRULWKPLFVLPSOLILFDWLRQVDQGLVTXLWHJHQHUDO
7KLV EULHI UHSRUW SURYLGHV D TXDOLWDWLYH GLVFXVVLRQ RI WKH
FRPELQDWLRQ RI '($ ZLWK (6 IRU WKH QRQVSHFLDOLVW ,Q
6HFWLRQ  ZH GLVFXVV WKH LGHD RI 3DUHWR GRPLQDQFH DQG LWV
UHODWLRQ WR '($ ,Q 6HFWLRQ  ZH GHVFULEH (6 DQG LWV
FRPELQDWLRQZLWK'($DVZHOODV WKHFRQFHSWRID training 
set1H[W LQ6HFWLRQZHRXWOLQHRXU LPSOHPHQWDWLRQRI WKH
FRPELQDWLRQ RI '($ ZLWK (6 LQ WKH SURJUDP 02(6
Multiple Objective Evolution Strategies02(6LVZULWWHQ LQ
VWDQGDUG && DQG SDUDOOHOL]DWLRQ LV SHUIRUPHG XVLQJ WKH
1969
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VWDQGDUG0HVVDJH3DVVLQJ,QWHUIDFH03,)LQDOO\LQ6HFWLRQ
 ZH SUHVHQW D QXPHULFDO H[DPSOH RI WKH DSSOLFDWLRQ RI
02(6 WR D VWDQGDUGL]HG WHVW SUREOHP DQG GHPRQVWUDWH WKH




$OVR DGGLWLRQDO GHWDLOV FDQ EH IRXQG LQ DQ DSSOLFDWLRQ RI
02(6WRDGLIILFXOWSUREOHPLQFRPSXWDWLRQDOFKHPLVWU\WKDW
KDVMXVWEHHQDFFHSWHGIRUSXEOLFDWLRQ>@
7KH ILUVW XVH RI '($ LQ DQ HYROXWLRQDU\ DOJRULWKP IRU
PXOWLSOH REMHFWLYH RSWLPL]DWLRQ DSSHDUV WR KDYH EHHQ E\
$UDNDZD et al. >@ LQ  6LQFH WKHQ <XQ 1DND\DPD
$UDNDZD DQG FROOHDJXHV KDYH FRQWLQXHG WKLV UHVHDUFK
>@>@>@ 6HH DOVR >@ DQG UHIHUHQFHV WKHUHLQ $
FRPPRQ WKUHDG LQ WKLV ZRUN KDV EHHQ XVH RI D JHQHUDOL]HG
'($ *'($ PRGHO 7KLV PHWKRG LQFOXGHV DQ DGGLWLRQDO
DGMXVWDEOH SDUDPHWHU WKDW LQ D VHQVH DOORZV *'($ WR
LQWHUSRODWH EHWZHHQ VHYHUDO EDVLF '($ PRGHOV >@ WKH
&KDUQHV&RRSHU5KRGHV &&5 %DQNHU&KDUQHV&RRSHU
%&&DQGWKH)UHH'LVSRVDO+XOO)'+PRGHOV>@02(6
HPSOR\V WKHVH EDVLF '($ PRGHOV DQG ZH ZLOO RIIHU D IHZ
FRPPHQWVRQWKLVGLIIHUHQFHLQDSSURDFKODWHU
02(6EHJDQDVDVWXGHQWSURMHFW LQ WKH(QJLQHHULQJDQG
7HFKQRORJ\ 0DQDJHPHQW 'HSDUWPHQW DW 3RUWODQG 6WDWH
8QLYHUVLW\ >@ ,WV GHYHORSPHQW FRQWLQXHG XQGHU WKH
'HSDUWPHQW RI 'HIHQVH +LJK 3HUIRUPDQFH &RPSXWLQJ
0RGHUQL]DWLRQ 3URJUDP KWWSZZZKSFPLOLQGH[SKS DV
SDUW RI WKH 8VHU 3URGXFWLYLW\ (QKDQFHPHQW 7HFKQRORJ\





DW $EHUGHHQ 3URYLQJ *URXQGV LQ $EHUGHHQ 0' DQG DW WKH





&RPSDULQJ VROXWLRQV WR D VLQJOH REMHFWLYH RSWLPL]DWLRQ
SUREOHP LV HDV\ ,Q WKH FDVH RI PLQLPL]DWLRQ RQH VLPSO\
RUGHUV WKH VROXWLRQV DFFRUGLQJ WR WKHLU REMHFWLYHV DQG SLFNV
WKHVROXWLRQKDYLQJWKHORZHVWREMHFWLYH:KHQPRUHWKDQRQH
REMHFWLYH LV LQYROYHG WKH VLWXDWLRQ ZRXOG DSSHDU WR UHTXLUH
VRPHDUELWUDU\ZHLJKWVEHLQWURGXFHGWRIRUPDQDSSURSULDWH
VXP WR EH PLQLPL]HG $Q DOWHUQDWLYH LV SURYLGHG E\ WKH
WKHRU\ RI3DUHWR GRPLQDQFH >@ 7KHUH DUH VHYHUDOZD\V WR
IRUPXODWHWKHLGHDRI3DUHWRGRPLQDQFHZHILQGLWFRQYHQLHQW
WR FDVW RXU GHILQLWLRQV LQ WKH FRQWH[W VROYLQJ RI D PXOWLSOH
REMHFWLYHRSWLPL]DWLRQSUREOHP,QWKLVFDVHRQHLVSUHVHQWHG
ZLWK D SRSXODWLRQ RI VROXWLRQV WR WKH SUREOHP HDFK
FKDUDFWHUL]HG E\ D VHW RI REMHFWLYHV +RZ GR ZH UDQN WKHVH
VROXWLRQVZLWKRXWLQWURGXFLQJDUELWUDU\ZHLJKWV"
$ VROXWLRQ WR D PXOWLSOH REMHFWLYH PLQLPL]DWLRQ SUREOHP
LVFDOOHGPareto dominantLIHDFKRILWVREMHFWLYHVLVOHVVWKDQ
RU HTXDO WR WKH FRUUHVSRQGLQJ REMHFWLYHV RI HYHU\ RWKHU




SUREOHPV LQYROYLQJ PD[LPL]DWLRQ DV ZHOO DV IRU SUREOHPV
WKDWLQFOXGHVRPHREMHFWLYHVWKDWPXVWEHPD[LPL]HGDQGDG
RWKHUREMHFWLYHVWKDWPXVWEHPLQLPL]HG
,Q SULQFLSDO RQH FDQ GHWHUPLQH WKH VHW RI DOO 3DUHWR
GRPLQDQW VROXWLRQV LQ D SRSXODWLRQ ± WKH Pareto frontier ±




'($ LV D VSHFLDOL]HG DSSOLFDWLRQRI OLQHDUSURJUDPPLQJ
WKDWLV WKHDOJHEUDLFVROXWLRQRIDVHWRIHTXDWLRQVWKDWWDNHV
WKHIROORZLQJFDQRQLFDOIRUP>@
       
       
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7KH SUREOHP FRQVLVWV RI ILQGLQJ WKH N YDULDEOHV^ `nx n Nd d  VXFK WKDW WKH OLQHDU H[SUHVVLRQV ZLWK WKH
FRHIILFLHQWV ^ `nc n Nd d  LV PD[LPL]HG ZKLOH WKH M
FRQVWUDLQWV FKDUDFWHUL]HG E\ WKH FRHIILFLHQWV^ ` mna m M n Nd d d d  DQG ^ `mb m Md d 
FRQVWDQWVDUHVDWLVILHGOn averageWKHWLPHUHTXLUHGWRVROYH
VXFK D SUREOHP VFDOHV DV N Mu  EXW RQH FDQ HQFRXQWHU
SDWKRORJLFDO FDVHV ZKHUH WKH WLPH UHTXLUHG IRU VROXWLRQ LV
H[SRQHQWLDOLQWKHGLPHQVLRQV>@RUHYHQZKHQWKHDOJRULWKP
FDQ F\FOH HQGOHVVO\ LQ UDUH SDWKRORJLFDO H[DPSOHV :KHQ
DSSO\LQJ'($WRSUREOHPVLQPXOWLSOHREMHFWLYHRSWLPL]DWLRQ
XVLQJ HYROXWLRQDU\ DOJRULWKPV WKH QXPEHU RI URZV M LV
DSSUR[LPDWHO\ HTXDO WR WKH QXPEHU RI REMHFWLYHV DQG WKH
QXPEHURIFROXPQVNLVDSSUR[LPDWHO\HTXDOWRWKHQXPEHU
RI VROXWLRQV LQ WKHHYROYLQJSRSXODWLRQ*HQHUDOO\ N M฀฀ 
'HWDLOVDUHSURYLGHGHOVHZKHUH>@
$ QXPHULFDOO\ PRUH FKDOOHQJLQJ OLQHDUSURJUDP LQFOXGHV
WKHDGGLWLRQDOUHVWULFWLRQWKDWWKHYDULDEOHVEHLQWHJHUV
1970
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,W WXUQV RXW WKDW VROYLQJ LQWHJHU OLQHDU SURJUDPV UHTXLUHV
JHQHUDOO\ UHTXLUHV RUGHUV RI PDJQLWXGH PRUH FRPSXWDWLRQ
WKDQVROYLQJOLQHDUSURJUDPVZLWKRQO\FRQWLQXRXVYDULDEOHV






GLVFXVVLRQ LV JLYHQ HOVHZKHUH >@ ± EXW ZH FDQ SURYLGH D




SLQ UHSUHVHQWV WKH VROXWLRQ RI D WZRREMHFWLYH PLQLPL]DWLRQ
SUREOHP7KH'($DOJRULWKPFDQEHHQYLVLRQHGDVVWUHWFKLQJ
DVWULQJDURXQGWKHSHULPHWHURIWKHORZHUOHIWKDQGSRUWLRQRI
WKHFROOHFWLRQVRISLQV7KHVWULQJ WKHQ WUDFHVRXW WKH3DUHWR
IURQWLHU DQG WKH SLQV LW DFWXDOO\ WRXFKHV DUH WKH ³EHVW´
VROXWLRQV WKH SRSXODWLRQ WKDW PLQLPL]H WKH [ DQG \YDOXHV
VLPXOWDQHRXVO\ 4XDOLWDWLYHO\ WKLV LV WKH ³HQYHORSPHQW´ LQ
'DWD (QYHORSPHQW $QDO\VLV 6HYHUDO FRPPHQWV DUH QRZ LQ
RUGHU
)LUVW WKLV PHWKRG RI UDQNLQJ WKH VROXWLRQV LV relative
'($ FDQQRW GHWHUPLQH WKH EHVW VROXWLRQ WKDW LV SRVVLEOH LW
FDQ RQO\ LGHQWLI\ WKH EHVW SRVVLEOH VROXWLRQV ZLWKLQ WKH
SRSXODWLRQ DW D JLYHQ WLPH ,I ZH KDYH DQ HYROYLQJ





6HFRQGO\ '($ QRW RQO\ LGHQWLILHV WKH VROXWLRQV RQ WKH
3DUHWRIURQWLHU LWDVVLJQVDQXPHULFDOYDOXH WRHDFKVROXWLRQ
WKDW LVEDVHGRQDFHUWDLQ/GLVWDQFHIURPWKH IURQWLHU7KH
GHWDLOV DUH XQLPSRUWDQW KHUH EXW WKLV VRFDOOHG '($
HIILFLHQF\ VROXWLRQV RQ WKH IURQWLHU DUH W\SLFDOO\ DVVLJQHG
XQLWHIILFLHQF\FDQWKHQVHUYHDVDILWQHVVIXQFWLRQZKHQZH
DUH VROYLQJ D PXOWLSOH REMHFWLYH RSWLPL]DWLRQ SUREOHP XVLQJ
DQ(YROXWLRQDU\DOJRULWKP
7KLUGO\ WKH UHJLRQVRQ WKHIURQWLHURQRXUEXOOHWLQERDUG
EHWZHHQ WKH SLQV ZKHUH RXU VWULQJ KDV EHHQ VWUHWFKHG IURP
SLQ WR SLQ LQFOXGHV DQ DVVXPSWLRQ RI ³FRQYH[LW\´ ZKLFK LV





DUH QRW FRQYH[ >@>@ 7KHUH H[LVWV D PRUH JHQHUDO
IRUPXODWLRQRI'($WKDWGRHVQRWDVVXPHFRQYH[LW\WKHVR
FDOOHG ³)UHH 'LVSRVDO +XOO )'+ 7KLV LV QXPHULFDOO\
XQIRUWXQDWH EHFDXVH WKH &&5 DQG %&& PRGHOV FDQ EH
IRUPXODWHG XVLQJ UHDO OLQHDU SURJUDPV ZKHUHDV WKH )'+
GHPDQGVWKDWZHVROYHPL[HGLQWHJHUOLQHDUSURJUDPV
7KH *'($ RI <XQ DQG FROOHDJXHV >@ LQWHUSRODWHV
EHWZHHQWKH&&5%&&DQG)'+WKURXJKWKHDGGLWLRQRIDQ
H[WUDSDUDPHWHU:HKDYHQRW VHHQ WKH*'($XVHGZLWKDQ
HYROXWLRQDU\ DOJRULWKP WR VROYH H[SOLFLWO\ QRQFRQYH[ WHVW
SUREOHPV LQ PXOWLSOH REMHFWLYH RSWLPL]DWLRQ >@>@
+RZHYHUZKHQZHXVHWKH%&&PRGHOWRHYDOXDWHWKHILWQHVV
RIVXFKSUREOHPVZHGRQRWUHFRYHUWKHHQWLUH3DUHWRIURQWLHU
WKH DOJRULWKP RQO\ FRQYHUJHV WR WKH FRQYH[ KXOO RI WKH WUXH
3DUHWR IURQWLHU :KHQ XVLQJ WKH )'+ PRGHO WR FRPSXWH
ILWQHVV ZH FDQ FRQYHUJH WR WKH WUXH 3DUHWR IURQWLHU DQG
DFKLHYH UHVXOWV FRQVLVWHQW ZLWK DQRWKHU DSSOLFDWLRQ ±
VSHFLILFDOO\ WKH 6WUHQJWK 3DUHWR (YROXWLRQDU\ $OJRULWKP
63($ RI =LW]OHU >@ ± WKDW FRPSXWHV ILWQHVV XVLQJ D
FRPSOHWHO\GLIIHUHQWPHWKRG7KHDEVHQFHRIDQ\DVVXPSWLRQV
RI FRQYH[LW\ LQ WKH )'+ PRGHO WKXV DSSHDUV FUXFLDO IRU
02(6WRFRQYHUJHWRWKHWUXH3DUHWRIURQWLHUDQGWRFRPSDUH
RXU UHVXOWV ZLWK WKRVH RI RWKHU 3DUHWREDVHG PHWKRGV ZKHQ
WKHSUREOHPLVQRWFRQYH[
%\ GHIDXOW ZH WKHUHIRUH HPSOR\ WKH )'+ PRGHOV LQ
02(6 WR HYROYH VROXWLRQV WR DUELWUDU\SUREOHPV LQPXOWLSOH
REMHFWLYHRSWLPL]DWLRQ:HKDYHIRXQGWKDWZKHQDGGUHVVLQJ
FRPSOLFDWHG SUREOHPV HYHQ VROYLQJ WKH PL[HG LQWHJHU OLQHDU
SURJUDPVDVVRFLDWHGZLWKWKH)'+PRGHOVLVW\SLFDOO\PXFK
IDVWHU WKDQ HYDOXDWLQJ WKH WUDLQLQJ VHW 2QH PRUH WHFKQLFDO
GHWDLOLVWKDW'($GHPDQGVWKDWWKHUHEHERWKinputYDULDEOHV
WR EH PLQLPL]HG DQG output YDULDEOHV WR EH PD[LPL]HG
RWKHUZLVH WKH OLQHDU SURJUDPV DUH LOOSRVHG 7KH W\SLFDO
SUREOHP ZH KDYH DGGUHVVHG LQYROYHV PLQLPL]LQJ D VHW RI
506URRWPHDQVTXDUHHUURUV,QWKLVFDVHZHSHUIRUP'($
XVLQJWKHLQSXWRULHQWHG)'+PRGHO>@ZLWKWKH506HUURUV
DV LQSXWV DQG D VLQJOH DGGLWLRQDO ³GXPP\´ RXWSXW YDULDEOH
WKDWLVKHOGFRQVWDQW8QGHUWKHVHFRQGLWLRQVZHFDQFRPSDUH






7KH FDWHJRU\ RI ³(YROXWLRQDU\ $OJRULWKPV´ LQFOXGHV D
YHU\ ZLGH YDULHW\ RI PDWKHPDWLFDO PHWKRGV LQVSLUHG WR RQH
GHJUHH RU DQRWKHU E\ ELRORJ\ +RZHYHU WKH\ DOO LQFOXGH DW
OHDVW WZR DVSHFWV RI 'DUZLQLDQ HYROXWLRQ descent with 
modificationDQGnatural selection:HPXVWILUVWSUHSDUHDQ
LQLWLDO SRSXODWLRQ RI VROXWLRQV WR RXU SUREOHP :KHQ XVLQJ
1971
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02(6 HDFK VROXWLRQ LV UHSUHVHQWHG E\ D VHW RI UHDO DQGRU
LQWHJHUSDUDPHWHUV:HPXVWWKHQSURGXFHDQHZJHQHUDWLRQ
RIVROXWLRQVZKLOHLQWURGXFLQJDGHJUHHRIUDQGRPQHVVLQWKH
SURFHVV WKH descent with modification ,Q 02(6 WKLV
UDQGRPQHVV FDQ EH GXH WR HLWKHU D UDQGRP PXWDWLRQ RI WKH
SDUDPHWHUV RI D VLQJOH VROXWLRQ RU D UDQGRP PL[LQJ ± RU
³FURVVRYHU´ ± RI SDUDPHWHUV IURP PXOWLSOH VROXWLRQV :H
PXVW WKHQ HYDOXDWH WKH ILWQHVV RI WKH VROXWLRQV LQ WKH
SRSXODWLRQLQFOXGLQJWKHSRVVLELOLW\WKDWVROXWLRQVFDQGLHRII
ZLWK ROG DJH ,Q 02(6 WKH ILWQHVV LV DQ H[SOLFLWO\ UHODWLYH
PHDVXUH RI WKH SRSXODWLRQ DW D VSHFLILF WLPH DV HYDOXDWHG
XVLQJ '($ :H PXVW WKHQ SHUIRUP natural selection DQG
HOLPLQDWH EDG VROXWLRQV ZKLOH UHWDLQLQJ JRRG VROXWLRQV ,Q
02(6WKLVFDQEHDFFRPSOLVKHGXVLQJDVWULFWO\GHWHUPLQLVWLF
RUGHULQJRI WKHVROXWLRQVDFFRUGLQJ WR WKHLU'($ILWQHVVDQG
NLOOLQJ RII D VSHFLILHG QXPEHU RI WKH ORZHVW VFRULQJ
SDUDPHWHUVVHWVRUZHFDQLQWURGXFHDGHJUHHRIUDQGRPQHVV
LQ VHOHFWLRQ DV ZHOO DQG FKRRVH LQGLYLGXDOV DW UDQGRP DQG
FRPSDUHWKHLUILWQHVVLQDWRXUQDPHQWWRGHFLGHZKRVXUYLYHV
DQGZKRGLHV:HWKHQLWHUDWHWKLVSURFHVVXQWLOVRPHNLQGRI
WHUPLQDWLRQ FULWHULRQ LV UHDFKHG IRU H[DPSOH XQWLO D
PD[LPXPQXPEHURIJHQHUDWLRQVKDYHEHHQHYROYHG
02(6 HPSOR\V DQ DGGLWLRQDO WHUPLQDWLRQ FULWHULRQ WKDW
ZH KDYH IRXQG WR EH YHU\ HIIHFWLYH LQ UHGXFLQJ WKH RYHUDOO
QXPEHU RI JHQHUDWLRQV WKDW QHHG WR EH HYROYHG LQ RUGHU WR
REWDLQ D JLYHQ GHJUHH RI FRQYHUJHQFH 7\SLFDOO\
FRQYHUJHQFH RI (YROXWLRQDU\ $OJRULWKPV EHJLQV UDSLGO\ DQG
WKHQ VORZV GRZQ GUDVWLFDOO\ ± LW LV VDLG WR ³SODWHDX´ 0DQ\
JHQHUDWLRQV FDQ HYROYH DIWHU WKH SODWHDX KDV EHHQ UHDFKHG
ZLWKOLWWOHIXUWKHULPSURYHPHQWWRWKHEHVWVROXWLRQV:HNHHS
D OLVW RI WKH EHVW Nelite VROXWLRQV REWDLQHG VR IDU LQ WKHHYROXWLRQ±WKHVRFDOOHG³HOLWH´VROXWLRQV±DQGNHHSUXQQLQJ
DYHUDJHV RI HDFK REMHFWLYH RI WKHVH HOLWH VROXWLRQV RYHU WKH
SDVWVD\JHQHUDWLRQV:KHQWKHchanges LQ WKHDYHUDJHV
IRU HDFK REMHFWLYH GURS EHORZ D VSHFLILHG WROHUDQFH ZH
FRQVLGHU WKH FRQYHUJHQFH WR EH VWDOOHG DQG WKH HYROXWLRQ LV
WHUPLQDWHG )LQDOO\ VXFK HYROXWLRQV FDQ EH UHSHDWHG PDQ\
WLPHV ZLWK GLIIHUHQW LQLWLDO FRQGLWLRQV DQG WKH ILQDO UHVXOWV
DYHUDJHG
:KLOH (YROXWLRQDU\ $OJRULWKPV KDYH EHFRPH SDUW RI WKH
VWDQGDUG UHSHUWRLUH RI DSSOLHG PDWKHPDWLFV DQG KDYH QRZ
EHHQ HPSOR\HG LQ D ZLGH QXPEHU RI GLVFLSOLQHV >@>@ LW LV
VWLOO WUXH WR VD\ WKDW LPSOHPHQWDWLRQV WR VROYH SUREOHPV LQ
PXOWLSOH REMHFWLYH RSWLPL]DWLRQ >@>@ >@ >@  DUH OHVV
GHYHORSHG WKDQ DUH WKH DOJRULWKPV IRU VLQJOH REMHFWLYH
RSWLPL]DWLRQ 7KH XVH RI '($ LQ PXOWLSOH REMHFWLYH
RSWLPL]DWLRQJLYHVXVWKHIUHHGRPWRFKRRVHZKLFKHYHUVLQJOH
REMHFWLYHDOJRULWKPZH IHHO LVPRVWDSSURSULDWHDQGDSSO\ LW
GLUHFWO\ WR RXU SDUWLFXODU PXOWLSOH REMHFWLYH SUREOHP 6LQFH
ZH DUH SULPDULO\ LQWHUHVWHG LQ parameter optimization ZH
KDYH FKRVHQ D SDUWLFXODU (YROXWLRQDU\ $OJRULWKP FDOOHG
³(YROXWLRQ6WUDWHJLHV´ >@+RZHYHU LWPXVWEHHPSKDVL]HG
WKDW LI \RX KDYH D PXOWLSOH REMHFWLYH SUREOHP ZKHUH VRPH
RWKHU IRUP RI (YROXWLRQDU\ $OJRULWKP LV PRUH DSSURSULDWH
'($ FDQ VWLOO EH XVHG WR FRPSXWH ILWQHVV :KLFK
(YROXWLRQDU\$OJRULWKP\RXFKRRVHLVODUJHO\GLFWDWHGE\WKH




FRPSXWH WKH ILWQHVV RI LQGLYLGXDO FRPSXWHU FRGHV DV MXGJHG
E\ VRPH PXOWLSOH REMHFWLYH FULWHULD ZLWKLQ DQ DOWHUQDWLYH
(YROXWLRQDU\$OJRULWKP
(6 LV D SDUWLFXODUO\ IOH[LEOH DQG SRZHUIXO PHWKRG IRU
SDUDPHWHURSWLPL]DWLRQLQSDUWEHFDXVHLWLVself-adaptiveWKDW
LV WR VD\ WKH DOJRULWKP FKDQJHV WKH PDQQHU LQ ZKLFK LW
VHDUFKHV WKURXJK SDUDPHWHU VSDFH DV WKH HYROXWLRQ SURFHHGV
>@7KLVLVDFFRPSOLVKHGE\DGGLQJDGGLWLRQDOSDUDPHWHUVWR
WKH SUREOHP (6 LQFOXGHV RQH DGGLWLRQDO strategy parameter
IRU HYHU\ physical parameter WKDW GHVFULEHV WKH DFWXDO
SUREOHPEHLQJVROYHG7KHVHVWUDWHJ\SDUDPHWHUVDUHVWDQGDUG
GHYLDWLRQV WKDW GHVFULEH WKH VL]HV RI WKH *DXVVLDQ UDQGRP
PXWDWLRQV RI WKH FRUUHVSRQGLQJ SK\VLFDO YDULDEOHV WKDW DUH
FXUUHQWO\ DOORZHG )XUWKHUPRUH WKH VWUDWHJ\ SDUDPHWHUV
WKHPVHOYHV HYROYH DORQJ ZLWK WKH SK\VLFDO SDUDPHWHUV 7KH
VWDQGDUG GHYLDWLRQV DUH WKHPVHOYHV VXEMHFW WR log-normal
PXWDWLRQV VR WKH VXEVHTXHQW PXWDWLRQV RI WKH SK\VLFDO
SDUDPHWHUVUHPDLQV*DXVVLDQ$WILUVWWKLVVRXQGVFUD]\+RZ
FDQGRXEOLQJWKHVL]HRIWKHSDUDPHWHUVSDFHKHOS",WWXUQVRXW
WKDW LQ PRVW FDVHV WKLV LV D YHU\ JRRG LGHD EHFDXVH WKH
VWUDWHJ\ SDUDPHWHUV FDQ KHOS JXLGH WKH DOJRULWKP WKURXJK
SDUDPHWHUVSDFHWRILQGRSWLPDPRUHHIILFLHQWO\
)RU FRQYHUJHG HYROXWLRQV WKH W\SLFDO REVHUYHG EHKDYLRU
RIWKHVWUDWHJ\SDUDPHWHUVLVWKDWWKH\DUHLQLWLDOL]HGDWVRPH
VPDOOYDOXHLQWKHHDUO\VWDJHVRIWKHHYROXWLRQWKH\JURZDV
WKH DOJRULWKP H[DPLQHV PRUH DQG PRUH RI SDUDPHWHU VSDFH
XVLQJ ODUJHU PXWDWLRQV WKHQ LQ WKH ODWWHU VWDJHV RI WKH
HYROXWLRQ WKH VWUDWHJ\ SDUDPHWHUV GHFUHDVH UDSLGO\ DV WKH
HYROYLQJ SRSXODWLRQ EHFRPHV FRQFHQWUDWHG XSRQ VRPH
PLQLPXP LQ SDUDPHWHU VSDFH ,I \RX DUH IDPLOLDU ZLWK
VLPXODWHG DQQHDOLQJ >@ RQH ZD\ WR ORRN DW D ³PXWDWLRQ
RQO\´ (6 DOJRULWKP LV WKDW LV OLNH VLPXODWHG DQQHDOLQJ RQO\
HDFKSDUDPHWHUKDV LWVRZQWHPSHUDWXUHDQGIROORZV LWVRZQ
DQQHDOLQJ VFKHGXOH +RZHYHU (6 LV LQ IDFW PXFK PRUH
JHQHUDO DQG IOH[LEOH EHFDXVH RI WKH PDQ\ SRVVLEOH PXWDWLRQ
DQG FURVVRYHU PL[LQJ RSHUDWLRQV WKDW DUH SRVVLEOH LQ




SRSXODWLRQ LV LQGHHG FRQFHQWUDWHG DW VRPH PLQLPXP WKHQ
DQ\VPDOOPXWDWLRQRIWKHSDUDPHWHUVZLOOFDXVHWKHVROXWLRQ
WRWU\WRFOLPERXWRIWKDWPLQLPXPDQG\LHOGDZRUVHILWQHVV
(YROXWLRQ ZLOO WKHQ GULYH WKH VWDQGDUG GHYLDWLRQV WRZDUGV
]HUR 7KLV LV D JUHDW QXPHULFDO DGYDQWDJH RI WKH DOJRULWKP
EHFDXVH ZH FDQ PRQLWRU WKH VWDQGDUG GHYLDWLRQV RI DOO WKH
SK\VLFDO SDUDPWHUV DQG GHWHUPLQH ZLWK FRQILGHQFH LI
FRQYHUJHQFHLVDFWXDOO\RFFXUULQJ
$ UHSUHVHQWDWLYH H[DPSOH RI WKH FRQYHUJHQFH RI DQ (6
HYROXWLRQ LV VKRZQ LQ )LJXUH  7KLV LV WDNHQ IURP D
SXEOLFDWLRQ WKDW DSSOLHG 02(6 WR ILW D VXEVHW RI WKH
SDUDPHWHUV IRU D UHDFWLYH IRUFH ILHOG 5HD[)) GHVFULELQJ
1972
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HQHUJHWLF PDWHULDOV DW WKH DWRPLF DQG PROHFXODU OHYHO >@
7KHVH FODVVLFDO DSSUR[LPDWLRQV DUH XVHIXO LQ ODUJH VFDOH
PROHFXODU G\QDPLFV VLPXODWLRQV RI PDWHULDO SURSHUWLHV
LQFOXGLQJ FU\VWDO VWUXFWXUH 7KLV LV D YHU\ FRPSOLFDWHG
SUREOHPKDYLQJPRUHWKDQ5HD[))SDUDPHWHUV WRWDOZH
FKRRVH WR PRGLI\ DSSUR[LPDWHO\  RI WKHVH SDUDPHWHUV





RI WKH HYROXWLRQ ,Q WKVH FDOFXODWLRQV ZH RSWLPL]HG 
REMHFWLYHV±FKDUJHVJHRPHWULFYDULDEOHVKHDWVRIIRUPDWLRQ




GHYLDWLRQ EXW WKHLU DYHUDJH LV XVHIXO DV D TXLFN DQG GLUW\
LQGLFDWLRQRIFRQYHUJHQFH:HFDQUDWLRQDOL]HWKHEHKDYLRURI
WKHDYHUDJHVWDQGDUGGHYLDWLRQLQWKLVJUDSKE\VD\LQJWKDWWKH
VWDQGDUG GHYLDWLRQV VWDUW DW VRPH YHU\ VPDOO SUHDVVLJQHG
YDOXHVDQGWKHQJURZDVWKHHYROXWLRQDU\DOJRULWKPH[SORUHV
PRUH DQG PRUH RI SDUDPHWHU VSDFH :KHQ WKH DOJRULWKP
VHWWOHVXSRQVRPHPLQLPXPWKHVWDQGDUGGHYLDWLRQVGHFUHDVH
UDSLGO\ ± EHFDXVH DQ\ PXWDWLRQ WKHQ WHQGV WR LQFUHDVH WKH







(6 KDV EHHQ GHPRQVWUDWHG WR EH D SRZHUIXO DQG IOH[LEOH
DOJRULWKP DQG KDG EHHQ DSSOLHG WR D ZLGH YDULHW\ RI
SUREOHPV:HKDYHLQFRUSRUDWHGQHDUO\DOOWKHIHDWXUHVRI(6
DVGLVFXVVHGE\%lFNLQKLVFRPSUHKHQVLYHWUHDWPHQW>@:H
KDYH DOVR LQFOXGHG IHDWXUHV WR DOORZ IRU ILQLWH OLIHWLPHV RI
VROXWLRQV >@ 7\SLFDO LPSOHPHQWDWLRQV RI (6 DOORZ IRU
RSWLPL]DWLRQ RI SUREOHPV GHVFULEHG E\ RQO\ UHDO SDUDPHWHUV
EXW ZH KDYH DOVR LQFOXGHG H[WHQVLRQV WR LQWHJHU SDUDPHWHUV
>@ ,Q WKLVFDVH WKHVWUDWHJ\YDULDEOHVFRUUHVSRQGLQJ WR WKH
LQWHJHU SDUDPHWHUV DUH mutation probabilitites UDWKHU WKDQ
VWDQGDUGGHYLDWLRQVWKHVHFRQWUROWKHOLNHOLKRRGRIDQLQWHJHU
SDUDPHWHUPDNLQJDGLVFUHWHMXPSWRDQRWKHUYDOXH
7KH QRWDWLRQ PON KDV EHHQ DGRSWHG WR GHVFULEH
HYROXWLRQVXVLQJ(6>@>@+HUHPLVWKHQXPEHURISDUHQWVO




PDJQLWXGH ODUJHU WKDQ WKH QXPEHU RI SDUDPHWHUV WKDW
FKDUDFWHUL]HWKHVROXWLRQVWREHRSWLP]LHG7KXVIRUDSUREHP
RI  SDUDPHWHUV ZH ZRXOG ZDQW WR KDYH DQ HYROYLQJ




EH FDOOHG IURP D & IXQFWLRQ DQG DFFHSWV D VHW RI PXWDWHG
SDUDPHWHUV 7KH WUDLQLQJ VHW WKHQ SHUIRUPV D VHULHV RI
FDOFXODWLRQVDQGFRPSXWHVDOO WKHTXDQWLWLHV WKDWDUHUHOHYDQW
WR WKH ³JRRGQHVV´ RI WKH SDUDPHWHU VHW )RU H[DPSOH LI WKH
SDUDPHWHUVFKDUDFWHUL]HVRPHPRGHOFDOFXODWLRQWKDWPXVWEH
FRPSDUHGDJDLQVWH[SHULPHQWDOUHVXOWVWKHWUDLQLQJVHWZRXOG
FRPSXWH D VHULHV RI HUURUV EHWZHHQ WKH SUHGLFWLRQV RI WKH
HPRGHO DQG WKH FRUUHVSRQGLQJ H[SHULPHQWDO UHVXOWV $OO WKH







)LQDOO\ WR DYRLG DQ\ SRVVLEOH FRQIXVLRQ ZH VD\ ZH DUH
HYROYLQJ VROXWLRQV WR FRPSOH[ QRQOLHDU SUREOHPV LQ
SDUDPHWHU RSWLPL]DWLRQ EHFDXVH WKH WUDLQLQJ VHW W\SLFDOO\
LQYROYHV HYDOXDWLQJ FRPSOLFDWHG QRQOLQHDU IXQFWLRQV RI WKH
SDUDPHWHUV +RZHYHU ZH DUH HPSOR\LQJ D WHFKQLTXH IURP
OLQHDU SURJUDPPLQJ '($ WR DVVLJQ WKH ILWQHVV RI WKH
VROXWLRQV ± LH WKH SDUDPHWHU VHWV ± E\ FRPSDULQJ WKHLU






02(6 LV D ODUJHERG\RIPDVVLYHO\SDUDOOHO&&03,
FRGH ZH KDYH ZULWWHQ WR RSWLPL]H SDUDPHWHUV WKDW JRYHUQ
FRPSOH[ QRQOLQHDU PRGHOV ,GHDOO\ LI \RX KDYH D PRGHO
JRYHUQHG E\ XS WR DERXW  SDUDPHWHUV DQG FDQ SURYLGH D
VHULDOFRGHWKDWFRPSXWHVDOOWKHHUURUV\RXZLVKWRPLQLPL]H
ZHFDQ LQFRUSRUDWH LW LQWRRXUSURFHVVE\ZULWLQJDVLQJOH&
IXQFWLRQDVDQLQWHUIDFH7KLVLQWHUIDFHWDNHVDVHWRIPXWDWHG
SDUDPHWHUV IURP RXU HYROXWLRQDU\ DOJRULWKP SDVVHV WKHP WR
\RXU FRGH LH WKH ³WUDLQLQJ VHW´ DQG WKHQ UHWXUQV DOO WKH
HUURUV RU ³REMHFWLYHV´ WKDW DUH WR EH PLQLPL]HG E\ WKH
HYROXWLRQDU\ DOJRULWKP 7KH ³HYDOXDWLRQ RI WKH WUDLQLQJ VHW´
1973
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PXVWLQFOXGHDOOWKHFDOFXODWLRQVLQYROYLQJWKHPRGHOWKDW\RX
ZLVK WR FRPSDUH ZLWK NQRZQ UHVXOWV LQ RUGHU WR MXGJH WKH
DFFXUDF\ RI WKH PRGHO 7KH PLQLPXP UHTXLUHPHQWV IRU RXU
DOJRULWKP WR JHW VWDUWHG DUH WKH WUDLQLQJ VHW WKH LQWHUIDFH
IXQFWLRQDQGDVHWRIVWULFW>DE@ERXQGVIRUHDFKSDUDPHWHU
:H HPSOR\ D PDVWHUVODYH SDUDGLJP LQ ZKLFK WKH
HYROXWLRQ LV SHUIRUPHG RQ WKH PDVWHU SURFHVVRU DQG DOO WKH
REMHFWLYHV DUH FRPSXWHGRQ WKH VODYHSURFHVVRUV HDFK VODYH
SURFHVVRU JHWV RQH VHW RI PXWDWHG SDUDPHWHUV DW D WLPH
FRPSXWHVWKHREMHFWLYHVIRUWKDWSDUWLFXODUSDUDPHWHUVHWDQG
WKHQPRYHVRQ WR WKHQH[W WDVN3DUDOOHOL]DWLRQ LVSHUIRUPHG
XVLQJ 03, WKXV DVVXULQJ FRPSDWLELOLW\ PRGHUQ PDVVLYHO\
SDUDOOHOPDFKLQHVUXQQLQJ/LQX[
2XULPSOHPHQWDWLRQRIWKHPDVWHUVODYHDSSURDFKXVHVWKH
³EDJ RI WDVNV´ WHFKQLTXH >@ LQ ZKLFK HDFK SURFHVVRU
DQQRXQFHVZKHQLWLVDYDLODEOHWRFRPSXWHWKHREMHFWLYHVIRU
WKHQH[WDYDLODEOHVHWRIPXWDWHGSDUDPHWHUVZLWKLQDVLPSOH
³IRU´ ORRS ORDG EDODQFLQJ LV DFFRPSOLVKHG DXWRPDWLFDOO\
6LQFHWKHUHDUHW\SLFDOO\PDQ\PRUHVHWVRISDUDPHWHUVLQWKH
HYROYLQJ SRSXODWLRQ WKDQ DYDLODEOH SURFHVVRUV RQ HDFK SDVV
WKURXJK WKH ORRS WKH VODYH SURFHVVRUV DUH TXHULHG WR
GHWHUPLQH ZKR DPRQJ WKHP KDV ILQLVKHG HYDOXDWLQJ KLV ODVW
VHW RI REMHFWLYHV DQG DUH WKHUHIRUH DYDLODEOH WR UHFHLYH WKH
QH[W VHW RI PXWDWHG SDUDPHWHUV LQ WKH TXHXH 7\SLFDOO\ WKH
FRPPXQLFDWLRQRYHUKHDG DVVRFLDWHGZLWKTXHU\LQJ WKH VODYH
SURFHVVRUV VHQGLQJ WKH SDUDPHWHU VHWV DQG UHFHLYLQJ WKH
REMHFWLYHV FDQ EH FRPSOHWHO\ PDVNHG E\ WKH FRPSXWDWLRQDO
ORDGRIHYDOXDWLQJWKHWUDLQLQJVHWV
,Q SUDFWLFH ZH KDYH IRXQG WKDW ZKLOH HYROYLQJ ODUJH
SRSXODWLRQVHJWKRXVDQGVRISDUDPHWHUVHWVZHFDQREWDLQ
JRRG VFDOLQJ RQ +3& V\VWHPV ZKHQ WKH ³HYDOXDWLRQ RI WKH
WUDLQLQJVHW´WDNHVVHYHUDOPLQXWHVRQDVLQJOHSURFHVVRU7KH
RQO\WLPHZHKDYHHQFRXQWHUHGGLIILFXOWLHVZLWKWKLVDSSURDFK
RFFXUUHG LQ WKH HYROXWLRQ RI UHDFWLYH IRUFH ILHOGV >@ ZKHQ
FHUWDLQ ³SDWKRORJLFDO´ SDUDPHWHU VHWV FDXVHG WKH WLPH
UHTXLUHG WR HYDOXDWH WKH WUDLQLQJ VHW WR LQFUHDVH E\ VHYHUDO
RUGHUVRIPDJQLWXGH7KLVZRXOGGHVWUR\ ORDGEDODQFLQJDQG
LQ VXFK FDVHV WKH FDOFXODWLRQ RI WKH REMHFWLYHV ZHUH
WHUPLQDWHGHDUO\DQGEDGILWQHVVYDOXHVZHUHDVVLJQHG WR WKH
WURXEOHVRPH SDUDPHWHU VHWV WKH HYROXWLRQ WKHQ FRQWLQXHG
QRUPDOO\ $ VLPSOLILHG UHSUHVHQWDWLRQ RI 02(6 DQG WKH
PDVWHUVODYHSDUDGLJPLVVKRZQLQ)LJXUH
,QSUDFWLFH'($LVDOVRSHUIRUPHGLQSDUDOOHODOWKRXJKIRU
VLPSOLFLW\ WKLV LV QRW LQGLFDWHG LQ WKH ILJXUH 6LQFH '($
UHTXLUHVWKDWZHVROYHRQHOLQHDUSURJUDPIRUHDFKSDUDPHWHU
VHWLQWKHHYROYLQJSRSXODWLRQWRHYDOXDWHLWVILWQHVVDQGVLQFH
HDFK VXFK OLQHDU SURJUDP LV LQGHSHQGHQW RI WKH RWKHUV WKH
FDOFXODWLRQ ODEHOHG ³&RPSXWH )LWQHVV´ LQ )LJXUH  LV DOVR
³QDWXUDOO\SDUDOOHO´±VHH>@DQGUHIHUHQFHVWKHUHLQIRURWKHU
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7KHFRGHZHXVHWRVROYHWKHUHDODQGPL[HGLQWHJHUOLQHDU
SURJUDPV LQ '($ LV WKH IUHHO\ DYDLODEOH VHULDO SURJUDP
lpsolve 5.5>@:HKDYHIRXQGWKLVSURJUDPWREHVWDEOHLWLV
ZHOOPDLQWDLQHG DQG KDV DQ DFWLYH XVHU JURXS DQG WKH
GRFXPHQWDWLRQ IRU WKH SURJUDPPLQJ LQWHUIDFH LV H[FHOOHQW
:HZURWH&FRGHWRFRPSXWHWKHSRVVLEOHEDVLF'($PRGHOV
WKHLQSXWDQGRXWSXWRULHQWHG&&5%&&DQG)'+PRGHOV
E\ LQLWLDOL]LQJ WKH FRUUHVSRQGLQJ OLQHDU SURJUDPV DQG WKHQ
VROYLQJ WKHP LQ SDUDOOHO XVLQJ VHSDUDWH LQVWDQWLDWLRQV RI
lpsolve RQ HDFK SURFHVVRU :H WKHUHIRUH KDG WR PDNH QR
DOWHUDWLRQV WR WKH lpsolve VRXUFH FRGH DIWHU H[SHULPHQWDWLRQ
ZHKDUGZLUHGPRVWRIWKHQXPHULFDOVZLWFKHVFRQWUROOLQJWKH
RSWLRQV ZH XVHG LQ lpsolve 7KH UDZ GDWD IURP 02(6
SULQFLSDOO\WKHREMHFWLYHVFRPSXWHGLQWKHWUDLQLQJVHWPXVW
ILUVWEHVFDOHGVRWKDWWKHHQWULHVLQWKHWDEOHDXFRQVWUXFWHGLQ
lpsolve DUH DOO RI WKH VDPH PDJQLWXGH :H KDYH IRXQG D
ORJDULWKPLFVFDOLQJWREHPRVWHIIHFWLYH,QRXUH[SHULHQFHWKH
WLPHUHTXLUHGWRSHUIRUP'($DQGHYDOXDWHWKHILWQHVVRIWKH
HYROYLQJ SRSXODWLRQ KDV EHHQ WULYLDO FRPSDUHG WR WKH WLPH
UHTXLUHG WRHYDOXDWH WKHREMHFWLYHVRIHDFKVROXWLRQEXW WKLV
ZLOOGHSHQGRQWKHSDUWLFXODUSUREOHPEHLQJVROYHGDQGRQWKH
QXPEHURIFDOFXODWLRQVSHUIRUPHGLQWKHWUDLQLQJVHW
7\SLFDOO\ PLOOLRQV RI OLQHDU SURJUDPV PXVW EH VROYHG
GXULQJDQHYROXWLRQDQGWKHUHLVQRJXDUDQWHHWKDWDVROXWLRQ
H[LVWV IRU HDFK (YHQ ZLWK ORJDULWKPLF VFDOLQJ RI WKH
REMHFWLYHV ZH PRQLWRU WKH UHWXUQ FRGH SURYLGHG E\ lpsolve
DQG FKHFN WR VHH LI D VROXWLRQ ZDV DFWXDOO\ IRXQG ,Q WKRVH
UDUHFDVHVZKHUH lpsolve IDLOV WRFRQYHUJHZLWKLQDVSHFLILHG
WLPH OLPLW ± ZHOO XQGHU  RI WKH FDOFXODWLRQV LQ RXU
H[SHULHQFH ± ZH DVVLJQ EDG ILWQHVV YDOXHV WR WKH VROXWLRQV
ZKRVH REMHFWLYHV FDXVHG lpsolve WR IDLO DQG WKH HYROXWLRQ
FRQWLQXHV
,Q  %DUU DQG 'XUFKKRO] >@ SUHVHQWHG DQ DOWHUQDWLYH
'($ VFKHPH 3,21((5 GHVLJQHG WR VROYH ODUJH
HQYHORSPHQW PRGHOV ZKRVH WDEOHDX[ KDYH PDQ\ FROXPQV
7KH LPSURYHPHQWV LQFOXGH ERWK VHULDO DQG SDUDOOHO
FRPSRQHQWV 7KH SULQFLSDO LPSURYHPHQW LQYROYHV WKH HDUO\
LGHQWLILFDWLRQRI LQHIILFLHQW VROXWLRQV IROORZHG E\ WKH XVH RI
³UHVWULFWHG EDVLV HQWU\´ WR UHGXFH WKH VL]H RI WKH VXEVHTXHQW
OLQHDU SURJUDPV WR EH VROYHG 2QFH D VROXWLRQ KDV EHHQ
LGHQWLILHGDVLQHIILFLHQW±WKDWLVLWLVVHHQWREHGRPLQDWHGLQ
WKH 3DUHWR VHQVH E\ DQRWKHU VROXWLRQ ± LW FDQ EH HOLPLQDWHG
IURP WKH WDEOHDX IRU VXEVHTXHQW FDOFXODWLRQV 7KXV DV WKH
FDOFXODWLRQVSURFHHGWKHOLQHDUSURJUDPVWKDWPXVWEHVROYHG
EHFRPH VPDOOHU ,Q WKHLU SDUDOOHO LPSOHPHQWDWLRQ HDFK
SURFHVVRU VROYLQJ LQGHSHQGHQW OLQHDU SURJUDPV PXVW EH
JLYHQ WKH ³FXUUHQW´ OLVW RI LQHIILFLHQW VROXWLRQV DQG WKLV OLVW
FKDQJHV DV PRUH LQGHSHQGHQW OLQHDU SURJUDPV DUH VROYHG
7KH\UHOLHGRQVKDUHGPHPRU\RQWKHPDFKLQHWKH\XVHGLQ
 WR FRPPXQLFDWH WKH FKDQJLQJ OLVW RI LQHIILFLHQW
VROXWLRQV WR HDFK SURFHVVRU ZKLOH WKH LQGHSHQGHQW OLQHDU
SURJUDPV ZHUH VROYHG RQ ORFDO PHPRU\ 5HFHQW WUHQGV LQ
KLJKSHUIRUPDQFHFRPSXWLQJKDYHHPSKDVL]HGLQFUHDVLQJWKH
FRUH FRXQW SHU &38 DQG PRYLQJ WR GLVWULEXWHG PHPRU\
DUFKLWHFWXUHV>@:KLOHWKHDOJRULWKPLQ3,21((5FRXOGEH
LPSOHPHQWHGRQGLVWULEXWHGPHPRU\V\VWHPVXVLQJ03, WKH
IXQGDPHQWDO ORRS LQ WKH EDJRIWDVNV SDUDGLJP ZRXOG QRZ
KDYH WR LQFOXGH 03, EURDGFDVWV RI WKH FXUUHQW OLVW RI






ZKR VROYHG ODUJH HQYHORSPHQW PRGHOV ZLWK  WR
 FROXPQV >@ 7KH VRSKLVWLFDWHG FRPPHUFLDO /3
VROYHU &3/(; ZDV XVHG ZLWKLQ D VHULDO IRUPXODWLRQ RI WKH
'($ SUREOHP $GGLWLRQDOO\ 'XOi FRQVLGHUHG WKH HIIHFWV RI
XVLQJ ³KRW VWDUWV´ /LNH UHVWULFWHG EDVLV HQWU\ WKLV LQYROYHV
PRGLILFDWLRQVRI WKH WDEOHDX[ IRU WKH VROXWLRQRI VXEVHTXHQW
OLQHDU SURJUDPV EDVHG RQ WKH UHVXOWV REWDLQHG ZKHQ VROYLQJ
HDUOLHU OLQHDU SURJUDPV LQ WKH '($ SURWRFRO 6XEVWDQWLDO
VSHHGXSVZHUHREVHUYHGZLWKWKHFRPELQDWLRQRI³KRWVWDUWV´
DQG UHVWULFWHG EDVLV HQWU\ DQG WKH VDYLQJV LQ WLPH EHFDPH
GUDPDWLF DV WKH QXPEHUV RI FROXPQV LQ WKH WDEOHDX[ ZHUH
LQFUHDVHG $JDLQ D SDUDOOHO LPSOHPHQWDWLRQ RQ D GLVWULEXWHG
PHPRU\ PDFKLQH ZRXOG UHTXLUH WKH EURDGFDVW RI DOO WKH




PD\ KDYH WR UHYLVLW LVVXHV LQYROYLQJ WKH HIILFLHQF\ RI
SHUIRUPLQJ'($WRFRPSXWHILWQHVVZLWKLQ02(6:KHWKHU
WKH LQFUHDVH LQ FRPPXQLFDWLRQ DQG DOJRULWKPLF FRPSOH[LW\
FDQ EH RIIVHW E\ WKH VSHHGXSV LQ FRPSXWLQJ ILWQHVV ZLWKLQ





:H KDYH DSSOLHG 02(6 WR D VHULHV RI VWDQGDUGL]HG
PXOWLSOH REMHFWLYH WHVW SUREOHPV >@>@ GHWDLOV ZLOO EH
SUHVHQWHG HOVHZKHUH >@ +HUH ZH ZDQW WR HPSKDVL]H WKH
HIIHFWV RI DVVXPSWLRQV FRQFHUQLQJ FRQYH[LW\ DQG KRZ WKLV
UHODWHV WR WKH FKRLFH RI '($ PRGHOV :H KDYH FKRVHQ
SUREOHP ³7´ D QRQFRQYH[ SUREOHP DQG IROORZHG WKH
JHQHUDO SURWRFRO XVHG LQ >@ ZH SHUIRUPHG D VHULHV RI 
HYROXWLRQV HDFK RI  JHQHUDWLRQV ZLWK DQ HYROYLQJ
SRSXODWLRQRINHHSLQJVROXWLRQVLQWKHH[WHUQDO³HOLWH´
VHW7KHHYROXWLRQVWUDWHJ\XVHGZDV      P N O  
7KH UHVXOWV RI WKH 63($ RI =LW]OHU DQG 7KLHO DUH VKRZQ LQ
)LJXUH
7KH 63($ ZDV GHPRQVWUDWHG WR SHUIRUP EHWWHU WKDQ
QXPEHU RI FRPSHWLQJ DOJRULWKPV IRU PXOWLSOH REMHFWLYH
RSWLPL]DWLRQ >@>@ ,IZH PLVWDNHQO\ DVVXPH WKH3DUHWR
IURQWLHUWREHFRQYH[DQGDSSO\02(6XVLQJWKH%&&PRGHO















GLIIHUHQW 5HVXOWV IRU DGGLWLRQDO WHVW SUREOHPV DQG PRUH
GHWDLOVDUHSUHVHQWHGHOVHZKHUH>@
,Q JHQHUDO ZH GR QRW NQRZ a priori ZKHWKHU WKH 3DUHWR


















RI 'HIHQVH +LJK 3HUIRUPDQFH &RPSXWLQJ 0RGHUQL]DWLRQ
3URJUDP DQG WKH 3(777 LQLWLDWLYH :H DOVR JUDWHIXOO\
DFNQRZOHGJHWKHVXSSRUWRI'U%HWV\5LFH¶V06500XOWL
6FDOH5HDFWLYH0RGHOLQJ6RIWZDUH,QVWLWXWHDW$5/:05'
$UP\ 5HVHDUFK /DERUDWRU\  :HDSRQV DQG 0DWHULDOV
5HVHDUFK'LUHFWRUDWH'U -DPHV/LOO (QJLOLW\&RUSRUDWLRQ
LV WKH SULQFLSDO DXWKRU RI 02(6 EXW RYHU WKH \HDUV KH KDV
UHFHLYHGVXEVWDQWLDODVVLVWDQFHIURP'U6KDZQ%URZQRIWKH
3LWWVEXUJK 6XSHUFRPSXWLQJ &HQWHU 'U $QWKRQ\ <DX ZKR
LV QRZZRUNLQJ IRU DQRWKHUJRYHUQPHQW DJHQF\ DVZHOO DV
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